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PRESCRIPTION OF GAUSS CURVATURE USING OPTIMAL MASS 

TRANSPORT 

JEROME BERTRAND 


Abstract. In this paper we give a new proof of a theorem by Alexandrov on the Gauss curvature 
prescription of Euclidean convex sets. This proof is based on the duality theory of convex sets 
and on optimal mass transport. A noteworthy property of this proof is that it does not rely 
neither on the theory of convex polyhedra nor on P.D.E. methods (which appeared in all the 
previous proofs of this result). 
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1. Introduction 

In this paper, we consider the problem of prescribing the Gauss curvature (in a generalised 
measure-theoretic sense) of convex sets in the Euclidean space. Our aim is to prove this geometrical 
statement by solving an appropriate variational problem. 

1.1. Alexandrov’s problem in Euclidean space. We start with the description of the Eu¬ 
clidean result which was proved by A.D. Alexandrov in mm- 

In order to state the result, we recall the notion of Gauss curvature measure introduced by 
Alexandrov. Gonsider a convex body {i.e. a closed bounded convex set whose interior is nonempty) 
in and assume that the origin of is located within Under these assumptions, the 

map 

y : S’" ^ dn 

' ’ X I —> p{x)x 

is a homeomorphism (where the radial function p is defined by p(x) = sup{s; sx S U}). Note that 
p is a Lipschitz function bounded away from 0 and oo. 

The Gauss curvature measure is the Borel probability measure 

p ■=a{Qo'f{-)) 

where a stands for the uniform Borel probability measure on S’" (considered as the unit sphere 
centered at the origin) and Q : 911 =1 S’" is the Gauss multivalued map. In other terms, the Gauss 
curvature measure is the pull-back of the uniform measure through the map Q o The curvature 
measure p is well-defined since 

(2) cr {{n G S’"; 3xi^X2& S’"; Q{p{xi)xi) = Q{p{x 2 )x 2 ) = n}) = 0 

(see [31 Lemma 5.2] for a proof). 

Note also that the curvature measure depends on the location of the origin within the convex 
body and is invariant under homotheties about that point. 

O 

By using the assumption 0 G U, it is easy to convince oneself that for all non-empty spherical 
convex set uj C S’", 


( 3 ) 


p{u) < ( t ( w ^/ 2 ) 


Mathematics Subject Classification (2010): Primary 49Q20; Secondary 52C07, 53C42. 


1 



2 


JEROME BERTRAND 


where = {x & S"^;d{x,oj) < 7r/2} and d{-, •) is the standard distance on S™. 

Remark 1.1. Note that ([31) implies that /r cannot be supported in a closed hemisphere. Con¬ 
sequently, the distance between an arbitrary point in S'" and the support of /i is smaller than 

TT 

2 ■ 

Alexandrov’s theorem states that Q is actually a sufhcient condition for /i arising from this 
construction. 

Theorem 1.2 (Alexandrov). Let a be the uniform probability measure on S'" and n be a Borel 
probability measure on S'" satisfying for any non-empty convex set lj C S'", 


fi{uj) < a{uj^i2). 

Then, there exists a unique convex body in ]R'"+^ containing 0 in its interior (up to homotheties) 
whose p, is the Gauss curvature measure. 

Our proof of Alexandrov’s result is an easy consequence of a well-known result in optimal mass 
transport (but for non-standard cost function thus the proof is non trivial): Theorem 1 1.51 Alexan¬ 
drov’s theorem is deduced from the latter result in Section [5] through an elementary argument 
based on the classical notion of polar transform of bounded sets. 


1.2. Optimal mass transport. In this part, we introduce notation and briefly describe the 
optimal mass transport problem on S'". For much more on the subject, we refer to [241 [3S] . This 
problem involves two probability measures, denoted hy p, a € 7^(S'") in the sequel, and a cost 
function c : S'" x S'" —)• R’*' U {-foo}. We also need to introduce the set of transport plans r(cr, p), 
namely the set of probability measures 11 G 7^(S'" x S'") such that for any Borel set A C S'" 

(4) ct(A) = n(A X S'") and p(A) = n(S'" x A). 


The transport plans can also be characterized in terms of continuous functions as follows. Given 
/ : S'" —>• R a continuous fonction, it holds 

(5) f f{n)dll{n,x)= ( /(n) (icr(n) and f f{x)dll{n,x)= f f{x)dp{x). 
Js'^xS^ Jsi^ Js^ 


Equipped with the topology induced by the weak convergence of probability measures, the set 
r(cr, ^) is a compact set as a consequence of the Banach-Alaoglu theorem. 

The cost function c we consider is defined by the formula 


( 6 ) 


J — log(n,a:) = — logcosd(n,a;) if d(n, cc) < 7r/2 
^ -foo otherwise 


The cost function c satisfies a standard set of assumptions in the field (highlighted in the lemma 
below) with the important exception that it is not real-valued. Therefore, some standard results 
do not apply to c. 


Lemma 1.3. The cost function c : S'" x S'" — > R'*" U {-foo} defined in ^ is a continuous map. 
Moreover, restricted to the open set {c < -foo}, the function c is a strictly convex and increasing 
smooth function of the spherical distance. Consequently, for (n, x) in any fixed open set VL such 
that n C {c < -|-c»}, the function {n,x) —>■ c(n,x) is a Lipschitz differentiable function. 

Remark 1.4. The set R+ U {+oo} is endowed with the order topology. 


The mass transport problem consists in studying 


(7) inf / c{n,x)dll{n,x). 

ner((T,Ai) 

Note that the compactness of r((7,/r) combined with the (lower semi-)continuity of c yields exis¬ 
tence of minimizers in the problem above. These minimizers are called optimal (transport) plans. 
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To study the property of the optimal plans (including the question of uniqueness), Kantorovitch 
introduced a dual problem. Let us define A as the set of pairs (</>, ip) of Lipschitz functions defined 
on S™ that satisfy + 'ip{x) < c{n,x) for all x,n € S™. Kantorovitch’s variational problem 
consists in studying 

(8) sup < / (l){n)da{n) + / 'ip{x)dfj,{x) 

i<p,ip)GA Lis™ Js^ 

It is easy to see that the quantity above is always smaller or equal to O- Indeed, given (</), ip) € A 
and n G r(cr, /r). Property (O allows us to write 


/ 4>{n)da{n)+ / ip{x) dfj.{x) = / {(p{n) + ip{x)) dll{n,x) < / c{n,x) dll{n,x). 

7s™ 7s™ 7s™ xs™ 7s™ xs™ 

It can be proved that 0 = (0) whenever the cost function is continuous and nonnegative; 
this type of result is called Kantorovitch’s duality. However, since the cost function assume infinite 
values, the common value could be infinite. Besides, for some (real-valued) Lipschitz cost functions 
and when the base space is compact, existence and uniquess of the solution of Kantorovitch’s 
variational problem can be proved. On the contrary, there are cases (involving non real-valued 
cost function) where solution of Kantorovitch’s problem does not exist. We refer to for more 
on this. 

The main result of the paper is a proof of a strong form of the Kantorovitch duality relative to 
the non real-valued cost function c. 


Theorem 1.5 (Strong Kantorovich duality, |ld)l. Consider fj, and a as in Alexandrov’s theorem. 
Then, the following equality holds. 

(9) max < / (p{n)da{n) + / ip{x)dqL{x)\ = min / c{n,x) dTl{n,x) < +og. 

(0,'0)ga (7s™ 7s™ J ner(cr,/i) 7s™xS™ 

Moreover, Kantorovitch’s variational problem admits a unique solution {<pi'4’) (^V '^o replacing 
((/>, Ip) by {(p + s, Ip — s) with s G K/ If {(p, ip) G A is a solution of the variational problem then, 

ip{x) = min c(n,x) — (p{n) 

(10) 4’{n) = min c(n,x) — ip(x) 
for all n G and fi-a.e. x G S™. 

The proof of Theorem 11.51 is in two steps. First, we show that the quantities in © are finite. 
More precisely we show a result which, we believe, is of independent interest (in connection with 
Theorem [TT7] for instance). 

Theorem 1.6. Let fj, be a Borel probability measure on S'". Then, /i satisfies Alexandrov’s condi¬ 
tion m if and only if there exists H G r((T, p.) such that 

cGL°°(n). 

Then, we show the existence of maximizers of Kantorovitch’s variational problem as well as 
their uniqueness up to constants. Note that as a by-product of our proof, we get an analogue of 
the Brenier-McCaim theorem for the cost c stated below. 


Theorem 1.7. Let fa and p two probability measures on S'" such that there exists H G T{fa,p) 
for which c G L°°(n). Then, the mass transport problem 


(11) min / 

nGr(/(T,At) 7s™ xS™ 

admits a unique solution Hq. Moreover, Hq = 


T[n) = exp 



c(n,x) dli{n,x) < -l-oo 

{Id,T)^fa where for a-a.e. n G S'", 
arctan |V^(n)| 

\mn)\ 



being (p a Lipschitz c-concave function. 



4 


JEROME BERTRAND 


We refer to Definition 14.31 for the definition of c-concave function. We don’t know whether the 
assumption that c € L°°(n) for a well-chosen transport plan fl can be weakened to (fTTll . The 
details of the proof are left to the reader (however a proof is sketched in Remark 14.911 . 

1.3. Comments, related results, and organization of the paper. Our motivation to study 
this problem comes from a paper by Oliker m- In this paper, Oliker proves Alexandrov’s theorem 
through the study of Kantorovich’s variational problem. Moreover his proof, as Alexandrov’s one, 
consists in establishing the result for convex polyhedra first and then "passing to the limit". This 
requires some fine estimates (see the proofs of [131 Theorems 6 and 7]). This paper led us to the 
question of whether it was possible to deduce Alexandrov’s theorem from optimal mass transport 
techniques without using convex polyhedra. Roughly speaking, the arguments relying on the theory 
of convex polyhedra are replaced in our proof by elementary compactness results relative to the 
Hausdorff metric. Moreover, taken for granted that Kantorovitch’s variational problem can be 
solved, optimal mass transport gives a very simple argument to prove that the given measure is 
indeed the Gauss curvature measure of the underlying convex body. We also mention that the 
paper is self-contained (up to elementary properties of Hausdorff metric and a lemma on c-cyclical 
monotonicity whose proof is less than a page) and does not require any specific knowledge in 
optimal mass transport. 

Under the assumption that the Gauss curvature measure is absolutely continuous, the regularity 
of the convex set has been studied by Pogorelov in two dimensions m and by Oliker El in higher 
dimensions. Let us also mention a paper by Treibergs |23| where the author proves a priori bounds 
for the ratio of circumscribed and inscribed radii of the convex body depending on the curvature 
measure. A study of other curvature measures in the smooth case has been carried out in [7| (see 
also the references therein). 

To conclude, let us also mention that the same approach has been applied in |S] where we prove 
an analogue of Alexandrov’s theorem for compact hyperbolic orbifolds. However in the hyperbolic 
setting the relative cost function is real-valued and standard results in optimal mass transport can 
be applied. Adapting known results in optimal mass transport to the non-standard cost function 
involved in Alexandrov’s problem is the main achievement of this paper. Building on the results 
of this paper, we consider in a joint work in progress with Castillon, the problem of prescribing 
the Gauss curvature of convex bodies in the hyperbolic space. 

In Section 2, we infer Theorem ll.2l from Theorem 1 1.5 1 In Section 3, we use the Hausdorff metric 
to establish two reinforcements of Assumption ([3]) . In the last section, we prove Theorem 11.61 and 
Theorem 11.51 


2. Proof of Alexandrov’s theorem 

In this part we prove Alexandrov’s theorem by means of Theorem 11.51 We start with some 
preliminary remarks on support functions. Let us recall that the support function h of a convex 
body D is defined by the formula 

(12) h{n) = sup {p{x){x,n)} 

icGS”* 

Note that h{n) = p{x){x, n) if and only if the hyperplane orthogonal to n through p (x) supports 
the convex fi. In other words, this equality amounts to 

(13) n € G (x). 

More generally, we can consider the radial and support functions of star-shaped sets with respect 
to 0. More precisely, we denote by £ the set of non-empty subsets of that are closed, bounded 

and star-shaped with respect to 0 and whose radial function is positive and continuous. 
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It is worth mentioning that the support function hp oi any set F G £ is related to the radial 
function of its polar set F° in the following way: 

(14) — = ppo 

tip 

where F° = {n £ Vx G F {x, n) < 1}. 

Let us recall that F° is a convex set belonging to £. Moreover by definition of a polar set, it 
is always true that F°° D F and the equality holds if and only F G £ is & convex set (we refer to 
m for more on polar sets, including a proof of the previous equivalence, see Theorem 1.6.1). In 
terms of radial functions, this amounts to 

(15) ppoo > pp 

and (using that F is star-shaped) that the equality holds if and only if F £ f is convex. 

To summarize, a set C is a convex body with 0 in its interior if and only if its support and radial 
functions are related by m and 


(16) 


p{x) = pc°°{x) = ^ = inf I 

hc° sup^gg™ nes-;(x.n»0 \ {x, u) 


Now, if we set (f> = ln(l//i) and ip = ln(p), these functions are well-defined Lipschitz functions. 
Moreover m and m can be rephrased as 


ipix) = min c{n,x) — 4>{n) 
4>(n) = min c(n,x) — ip(x) 


for all x,n G §"* and c is the cost function defined in (jS]). 

(Note that to get the formula above, we use the fact that the extremums are realized by x, n 
such that {n,x) > 0.) In other terms, (p and ip are c-concave functions according to the theory of 
optimal mass transport. Conversely, the datum of two Lipschitz c-concave functions (j>, ip obviously 
determines a unique convex body. 

To complete the proof of the existence part of Alexandrov’s theorem, it remains to show that, 
given a solution {cp, ip) of Kantorovitch’s variational problem, the Gauss curvature measure of the 
convex body determined by {(p, ip) is indeed p,. To this aim, we select Hq an optimal transport plan 
and notice that the equality ([5]) reads 

/ p{n)da{n) + / ip{x)dp{x) = / c{n,x) dIlo{n,x) 
which, using ([5]), can be reformulated as 

/ (c(n, x) — p{n) — ip{x)) (ino(n, x) = 0. 


Equivalently, 

(17) no({(n, x) G (S™)^; cp{n) + ip{x) = c{n, a;)}) = 1 

since H- < c(n,x) for all n^x € Now, the discussion above allows us to rewrite (fT7|) 
as 

no({(n,a:)e(S™)2;nGg(7t(a:))}) = l. 
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As a consequence, for any Borel set U C S™, it holds 
^{U) = no(§'" X U) 

= no(§'" X [/ n {(n, x) e (/)(n) + ■!/)(x) = c(n, x)}) 

= no(§™ X t/ n {(n, x) e e e(7^(x))}) 

= no(t/o ■^(17) X 17n {(n,x);n G 0('^(x))}) 

= no(e O ^{U) X n {(n, x); n G (x))}) 

= no(e; o ^(U) X S™) 

= <y{Qo^{U)) 

where we used in line 5 

eo^(t/)xC/^n{(n,x) G (S’")2;n G ^(^(x)))} C {(n,x) G (S™f ;3x' ^x,n€ 0(^(x))ng(^(x'))} 
which yields 

MG o f{U) X [/" n {(n, x) G (S’")2; n G ^(^(x)))}) < 

a{{n G S’"; 3 x' ^ ^ e ^(^(x)) n ^(^(x'))}) = 0 

according to 

It remains to prove the uniqueness part. If two distinct convex bodies Ci,C 2 have the same 
curvature measure then their radial and support functions give rise to two distinct solutions of 
Kantorovitch’s variational problem through the transformation (pi = ln(I//ii) and ipi = In(pi) 

{i G {1,2}). Therefore, Theorem 11.51 yields that (pi — 4)2 = —{p)! — '4’2) is constant which means 
that Cl and C 2 are dilations of each other about the origin. 

3. Hausdorff convergence and self-improvement of Alexandrov’s assumption ([3]) 

This part is devoted to technical results that will be used in the subsequent parts to prove 
Theorem 11.51 

In this section we recall some standard compactness results on the space of closed (or convex) 
sets of a given compact metric space. We restrict our attention to the case where the metric space 
is the round sphere. The topology on the closed sets is induced by the Hausdorff metric whose 
definition is recalled below. Then, we prove some continuity results on functionals defined on these 
spaces. Finally, we use these results to prove reinforcements of Alexandrov’s assumption (|3|). 

3.1. Continuity and compactness results for the Hausdorff topology. 

Definition 3.1 (Hausdorff metric). Let T (respectively C) be the set of nonempty compact sets 
(respectively compact convex sets) in S’". For Vijlp G the Hausdorff distance between these 
sets is defined by the formula 

dff(Hi, V 2 ) = min |e; Vi C (V 2 )e and V 2 C (FO^j 

where F = { 1 / G S’"; d(i/, V) < e}. 

Proposition 3.2. The set T endowed with dn is a compact metric space. Moreover, C is a closed 
subset of J- for this topology. 

For more on the Hausdorff metric, including a proof of the proposition above, we refer to 
Rockafellar’s book [TB]. From now on, we assume that T and C are endowed with the Hausdorff 
metric. Note that a set w C S’" is convex if and only if the Euclidean cone generated by w is 
convex. Consequently, the Hahn-Banach theorem yields that any oj G C \ {S’"} is contained in a 
closed ball of radius 7r/2, and S’" is an isolated point in C. 

Let us recall that to*, the polar set of uj on S’", is defined by the formula 

(18) w* = {y G S’"; (y,x) < OVx G uj} = {y G S’";d(y,w) > 7r/2}. 
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Proposition 3.3. The polar map 



is continuous. 


Remark 3.4. The polar map is actually a local isometry. A proof of this fact can be found in [191 
p 501]. 


The next result is based on the following fact whose proof is an easy consequence of standard 
theorems in Measure theory. 

Fact: Let 0 be a Borel probability measure on S’”. The map 


(19) 


T [ 0 , 1 ] 

V ^ d(V) 


is upper semi-continuous. 

The above fact can be sharpened when we focus on C. 


Lemma 3.5. The map 

C [0,1] 

UJ I-5- 0(w) 

is continuous at any point where 9{dui) = 0. 


Proof. According to Fact (fTHl) . it suffices to prove the lower semicontinuity. We can further assume 
that uj^ 0 since otherwise 0{u}) = 0 and the continuity follows from Fact (fTlUl . Fix a point p Sw. 
Let P be the convex set obtained as the intersection of the cone generated by uj in with the 

tangent space to S™ at p. We call XP the Euclidean convex body obtained by dilating P to a factor 
A with respect to p, and Aw the trace of XP on S’”. Observe that 0 implies d(9w, Aw) > 0 when 
0 < A < 1. Let (w„)„gN be a sequence in C converging to w. Given e > 0, we have d//(w,w„) < e 
for large n. In particular, this implies dui C {u!n)e- Thus for large n, the convexity of w„ yields 

w„ D A(e)w 

where 0 < 1 — X{e) is small (depending on e). Since 9{duj) = 0, limA-f-i 9{Xuj) = 9{uj) and the proof 
is complete. □ 


For later use, let us state the following result. 

Lemma 3.6. The map 0 defined below is lower semi-continuous on T x [0, ^). 


0:Px[O,7r/2) —^ R 

iV,e) 1 —^ cr(I4/2_e) 

pToof. Let (cn)n£N t)6 & S6cju.6nc6 of positivc ii’iiiiibcrs going to c G [0, cLnd € a 

sequence converging to Wo- We fix fc a positive integer. For large n, we have 

(20) (W)7r/2-e„ O (F„)„.y2_(e+.i)- 

Up to enlarging n, we can also assume that Vao C (Ui)i- This gives, 

fc 

(Uoo).n'/ 2 -(e-|-|) U (W)7r/2-(e-|-.^) C (U„),r/ 2 -e„ 

Since (Uoo),n./ 2 -(e+|) is an nondecreasing sequence of sets with respect to k whose limit is 
(i4o).n-/2-e) we have cr((Uoo)T/ 2 -(e-i-|))) -t <^{{Voo)-K/ 2 -e)- Since k is arbitrary in our previous 
computations, this gives the result. 

□ 
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3.2. Reinforcement of Assumption ([3]). In this part, we use the compactness of C and T to 
get some safety margin in Q . Intuitively speaking, this corresponds to the fact that the origin of 
K” is located within the convex body we are looking for. In order to state our first improvement, 
let us notice that Alexandrov’s assumption (O can be reformulated as 

p(S’"\a;) > a{io*) 

where w* is defined in (1181) . The first statement is a straightforward consequence of the compactness 
of C, Proposition 13.31 (fini) . and Lemma (ITKl 

Proposition 3.7. Let ^ be a Borel probability measure satisfying m- There exists a positive 
number e such that for all uj € C \ {S™}, 

( 21 ) pi(S^\uj)>aiuj*) + e. 

Remark 3.8. By definition of C, 0 ^ C. 

Now, we want to use the compactness of J- in order to strengthen (|31) in another way. To this 
aim, we note that for an arbitrary set 17, 

(22) U* = {Conv{U))* 

where U* = {y € {y,x) < OWz G U} and Conv stands for the convex hull. Thus, ([3]) also holds 

true for all P G J" such that Conv{V) ^ S™. 

Assumption (|3]) can be improved as follows. 

Proposition 3.9. Let p. be a Borel probability measure satisfying m- There exists a > 0 such 
that for all F G J-, 

(23) p{F) < cj{F^/2-c.). 

Remark 3.10. It was already known that the curvature measure of a convex body satisfies (12311 (of 
course, at that stage we don’t know yet that p is the curvature measure of such a set). This is the 
content of [531 Theorem l.B]. In the same paper, Treibergs also proves that the ratio circumscribed 
radius/inscribed radius of a convex body can be uniformly bounded from above by a universal 
function of a and m. On the contrary, he proves this result is false if we use m instead of (1531) . 

Proof. We set fa{F) = 0(P, a) — p{F). The inequality in (1531) can be rephrased as fa{F) > 0. We 
start by investigating the function /q. Let F G The such that Conv{F) S'". Then, Alexandrov’s 
assumption ([3]) together with (1551) yield 

/o(F) = a(S’" \ F*) - p{F) > ct(S'" \ {Conv{F)*) - p{Conv{F)) > 0. 

To complement this result, let us prove that ior F G T such that Conv{F) = S'", the inequality 
fo{T) ^ 0 holds. Indeed, by assumption, there is no closed ball of radius tt/2 containing F. 
This yields m.a.Xx^s^ d{x, F) < 7 r/ 2 . In particular, we have ^^72 O S'" which clearly entails 
/o(F) = l-/r(F) > 0 . 

Conversely, if F G is such that fo{F) = 0 then, by what precedes, Conv{F) = S'". We then 
have 0 = fo{F) = 1 — p{F). In other terms, 

(24) FDsupp(p). 

Note that Remark [TT] yields that supp(/i) is not contained in any closed ball of radius tt/2 
thus Conv{supp{p)) = S'". Therefore, as mentioned above uiaxx^s”' d(x,supp{p)) < tt/2. For 
sufficiently small a > 0 (i.e. such that tt/2 —a > maxa;gsm (i(x, supp(p))}), we get supp(/i)^/ 2 -a 7) 
S'" which in return implies 

(25) 


fa{supp{p)) = 0 . 


PRESCRIPTION OF GAUSS CURVATURE USING OPTIMAL MASS TRANSPORT 


9 


Now we can prove (E51) by contradiction. Assume that for any a > 0, there exists such that 
fa{Fa) < 0. Note that fi{F nsupp(^)) = fi{F) implies /^(F n supp(/r)) < fa{F), therefore we can 
further assume that Fa C supp(/r). 

Since the compact subsets of supp(/i) form a compact set relative to the Hausdorff metric, we 
obtain the existence of a converging sequence Fa„ to Fq G F where lim„_>o ctn = 0, Fq C supp(^), 
and 


(26) 


/a„(F«J <0. 


The lower-semicontinuity of 0 then gives /o(Fo) < 0. Recall that /o is nonnegative. Consequently, 
we infer /o(Fo) = 0 and, using (IMl) . Fq D supp(/x). On the other hand, we also know that 
Fo C supp(/r). 

To summarize, we have found a converging sequence Fa„ C supp(/i.) to supp(/r) such that (12611 
holds. By definition of Hausdorff convergence, for any small /3 > 0 and any sufficiently large n 
(depending on /3), we have [Fa^)p D supp(/i). Then, we can estimate 


UAFa„) 


— (t((Fq,^ /2 — an) ^^{Fan ) 

> Cr(((F„„);3)v2-(a„+/3)) - M(supp(/i)) 

> ct(supp(^))^/2_(q,„-k/3)) - m(sRPp(m)) 

> /a„+/3(supp(^)). 


Observe that (l25)l implies /q^+^(supp(/i.)) = 0 for sufficiently small a„,/3, hence a contradiction. 

□ 


4. Proof of Theorem 11.51 

4.1. Well-posedness of the optimal transport problem. In this part, we prove Theorem II.61 
whose straightforward consequence is 

(27) min / c{n,x)(ni{n,x) < +oo. 

ner((T./i) 

Let us recall the statement of Theorem 11.61 

Theorem 4.1. Let ^ be a Borel probability measure on S™ satisfying (0). There exists a plan 
n S r(cr, fj,) such that 

cG F°°(n). 

Remark 4.2. The converse of the above result is straightforward. Indeed, if c G F°°(n) then there 
exists a > 0 such that for H-a.e. pair (n,a:), d(n,x) < 7r/2 — a. By definition of a transport plan, 
this implies that for any Borel set U C S'", /i(C/) < cr(L'^/ 2 -a); in particular p satisfies ([2]). 

Proof. Let /i be a probability measure on S™ satisfying Thanks to Proposition KLlll there exists 
a number a > 0 such that (EH) holds for any F G F. The first step of the proof is to show that 
we can approximate /i by a finitely supported measure Jl that still satisfies (1231) (up to sligthly 
decreasing a). To this aim, we first approximate /i by (^ * Pe)e<alA-, being a family of standard 
radial mollihers on S'". We fix such a e and set p = p * p^; by definition, p satisfies (E51) with ^ 
instead of a. Now, we claim there exists a finite partition ({7i)ig{i_...Ar} of S'" made of Borel sets 
such that 

(28) diam{Ui) < e and p{Ui) G Q, 

a proof is given in the appendix. 

For each Ui, choose Xi G Ui and set 

N 

Pe = y^p{Ui)Sxi. 

2=1 
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By assumption on the diameter of Ui , fie satisfies 

(29) WFgT; fie{F)<a(u,eFB(^x,Tr/2-^'^^ 

and the proof of the first step is complete. According to (1^51) . fie can be rewritten (up to repeating 
some the Xi) 

1 ^ 


with M €N. 

The next step is to show the existence of lie S r(cr, /ie) such that 


/ c(n, cc) (ine(n, a;) < — In 

Js"' xS'" 



Up to enlarging M and repeating Xi if necessary, we can build by induction on the dimension m 
another partition of S™ such that diam{Vi) < f and cr(U) = ^ (see the appendix). We 

claim that the set-valued map 

F: ^ {V,^s G {!,■■■ ,M}} 

i ^ {Vs-,VsCB{x,,tt/2-^)} 

satisfies the assumptions of the Marriage lemma. Indeed, consider I a subset of {1, • • • ,M}. 
Thanks to (USD, we have 

^ < fiei{xi,i e /}) < cr(^Uig/ B(xi,TT/2 - 

Now, by assumption on the Vi’s, we get 

Ui?(x.,7r/2-f) C U U.. 
i6/ V„eF{I) 

Combining these properties together proves that the assumptions are satisfied. Consequently, 
there exists a one-to-one map / : {1, • • • ,M} — > {Vf, i G {1, • • • ,M}} such that for all i, f{i) C 
^(xi, 7r/2 — j). This fact clearly entails that the plan which maps the mass located at Xi uniformly 
on f(i) is a plan lie in r((T,/ie) such that 

(30) lie (|(n,a^) S (§’")^;d(n,x) < 7r/2 - = 1. 

Note that the bound does not depend on M nor on e. Therefore, by letting e go to 0, we can 
construct by the same method a sequence of empirical measures which converges to fi, all of whose 
elements satisfy ([Hnjl. Then using the Banach-Alaoglu theorem, we can extract a subsequence of 
plans which converges to an element of r(tT, fi) that satisfies (IdOII . □ 


4.2. Proof of Theorem 11.51 the existence part. Let us start with a definition. 

Definition 4.3 (c-concave function and c-subdifferential). Let cj) : S’" —IR.U{—oo} be a function. 
We define <))'’ : S’" —K. U {—oo, -boo}, the c-transform of (j) by the formula 

(p‘’{x) = inf c{n,x) — (l){n). 

Such a function ^ is said to be c-concave if for all x G S’", (/>'’’(x) < -boo (so that (^i^)” is well- 
defined) and = (j) (in the rest of the paper, we write (/>'’'’). The c-subdifferential of a function 
(j) is defined by the formula 

dc4> = {{n, x) G S’" X S’"; (j){n) + <lf(x) = c{n, x)}. 

The c-subdifferential at n is defined as the subset of S’": 


dc4>{n) = {x G S’"; (jiin) + (jf{x) = c{n, a:)}. 
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The overall idea of the proof is to build a pair of Lipschitz c-concave functions (^, 0'^) such that 
there exists an optimal plan IIo whose support satisfies 


(31) 

Indeed, this yields 
(j){n)da(n) + 


(jf {x)d^(x) 


Supp{Wo) C dc4'. 

4>{n) + (jf{x) (ino(n, x) 


Vs™ JS”* 

and (<(), (/>'^) is then a maximizing pair. 

We will need the following regularity result on c-transform. 


c(n, x) (ino(n, x) 


Proposition 4.4. Let ip : S'" —K U {—oo} be an upper semicontinuous function such that 
(32) Vx S S'" crdV'> —oo} n i?(a:, 7r/2)) > 0. 

Then, ip^^ is real-valued and Lipschitz regular on S'". Moreover, ip‘^‘^ > ip. 


Proof. First, note that ip'^{S'^) C K U {—oo) follows from the definition of the c-transform and 
(1321) . Now, suppose there exists no such that ip^^pno) = —oo. Combining the upper semicontinuity 
of Ip: 


liminf c(no, Xk) - ip{xk) > c(no, Xoo) - tpix^o) > -tpixoo) 


together with the compactness of S'" yields the existence of xq such that 


-oo = i/’“(no) > -ip{xo) 

contradicting '0(S'") C RU{—oo}. Therefore ip'^ is real-valued. Repeating the very same argument 
also gives for all n € S'", 


(33) ip'^{n) = min c{n,x) — ip(x). 

Second, we prove that ip'^ : S'" —> R is continuous. Let {nk)k&i be a sequence converging to n. 
Using (1331) and the upper semicontinuity of ip, we get 

liminf ^"(nfe) > ip^{n). 

/c—>-+oo 

On the other hand, since ip'^ is defined as an infimum of continuous functions, it is an upper 
semicontinuous function. After all, ip'^ is continuous and, in particular, bounded. As a consequence, 
'0°° is well-defined and for all n, there exists x such that 


ip^’^pn) = c{n, x) — ip^{x) > c(n, x) — {c(n, x) — ip{n)) = ip(n) 


by definition of the c-transform. 

It remains to prove that ip'^ is Lipschitz, i.e. sup„ „^,{ip^{n) — ip‘^{n'))/d{n, n') < -|-oo. Since S'" 
is compact and ip^^ is bounded, it suffices to prove that ip^ is locally Lipschitz in the neighborhood 
of any point n € S'". To this aim, observe that we now have for all (n, x) G S'" x S'", 

ip(x) -h ip‘^{n) G K U {—oo}. 


Since the cost function is nonnegative, we infer 

dapJ = {{n, x) G S'" X S'"; ip{x) ip‘^{n) = c(n, x)} C {c < -|-oo}. 

Moreover, the continuity of ip‘^ and c, and the upper semicontinuity of ip yield that dcip is a closed 
(hence compact) subset of S'" x S'". Therefore, the definition of the cost function guarantees the 
existence of a > 0 such that 


dcip C {(n, cc) G S’" X S'"; d{n, x) < 7r/2 — a}. 

Recall that c is Lipschitz on {(n, x) G S'" xS'"; d{n, x) < 7r/2 —a}; we set Lq its Lipschitz constant. 
According to (1551) . for all n G S'", there exists Xn such that {n,Xn) G dcip- By definition of ip‘^, we 
have for any x close to n (say z G B{n, a/2)), 

Ip^'iz) - ip'^{n) < {c{z, x„) - ip(xn)) - (c(n, x„) - ip(x„)) = c(z, x„) - c(n, x„) < L „/2 d(z, n). 
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Using the same argument focusing on z instead of n, we get the same estimate for '0'^(n) — 
Therefore is locally Lipschitz on B{n, a/2) and the proof is complete. □ 

To complete the proof of this part, it remains to build a c-concave map satisfying (1311) . To this 
aim, we need to recall the notion of c-cyclically monotonicity introduced by Knott and Smith |22| . 

Definition 4.5 (c-cyclically monotone set). A subset S C xS’" is called a c-cyclically monotone 
set if for any integer s > 0 and any pairs (ni,a:i), • • • , (7 t,s,Xs) € S, the following inequality is 
satisfied: 

c(n 2 , Xi) + c{n 3 , X 2 ) H-h c{ni,Xs) > c{ni,xi) H-h c{ns,Xs). 

Remark 4.6. When the underlying marginals are finite combination of Dirac masses, optimality 
of a transport plan is equivalent to c-cyclically monotonicity of its support. By approximation, it 
can be proved that whatever the marginals are, the support of an optimal plan is a c-cyclically 
monotone set when the cost function c is a continuous map [Q Theorem 2.3]. 

The c-subdifferential of a c-convave function is a c-cyclically monotone set. The main result of 
this section is the following 

Theorem 4.7. Let fj, be a Borel probability measure on S™ satisfying m and To{a,fi) be the set 
of optimal plans in the transport problem (W- There exists a Lipschitz c-concave map (p such that 

r := [J Supp{Ilo) P|{c < -l-cx)} C dc(p. 

noero(o-,/j) 

Remark 4.8. This result is a generalization of a construction due to Rockafellar which gives a convex 
function from a cyclically monotone set (defined similarly in terms of the standard scalar product 
instead of c). When the cost function is a lower semi-continuous real-valued map, Theorem 14.71 
is known as the Rockafellar-Riischendorff Theorem [2D] (the result holds true for any c-monotone 
set in this setting). Our proof will be along the same lines; however due to the fact that the cost 
function assume infinite values, there are additional difficulties to prove the map (p is well-defined. 

Proof. We first prove that T is a c-cyclically monotone set. Note that being the mass transport 
problem linear, any finite convex combination of optimal plans is an optimal plan. Thus, any 
(ni, Xi), • • • , (ris, Xs) S UnoGTolcr n) ^upp{IIq) belong to the support of an optimal plan. As recalled 
above, the support of any optimal plan relative to c is c-cyclically monotone. As a consequence, the 
set UnoGTolo- fi) Supp{IIq) is c-cyclically monotone. Furthermore, a simple approximation argument 
based on the continuity of the cost function shows that the closure of any c-cyclically monotone 
set is c-cyclically monotone. T is then c-cyclically monotone as a subset of a set satisfying this 
property. 

According to the result in Section (TT] 

J cdBo < -foo 

whenever IIo S Therefore, Ilodc < -l-cso}) = 1 and T is a set of full Ilo-nieasure. 

We fix {no,Xo) G T and define 

S 

ip{n) = inf inf { c(ni+i,Xi) - c{ni,Xi) ; Vi G {1, • • • , s} {ni,Xi) G T} 

sGN ^' 

i=0 

where rig+i = n. By assumption, T C {c < -foo} thus, for (ni,xi) • ■ • (ns,Xs) G T, the term inside 
the brackets above is in R U {-l-C)o} and the map (p is well-defined. Moreover (/?(§"*) C M U {± 00 }. 

The first step is to prove that ip(n) < -foo for all n. We start with proving <p(no) = 0. Taking 
s = 0 in the definition above leads to the inequality 

(34) ip(n) < c(n,xo) - c(no,Xo). 
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In particular, ip{no) < 0. Let {ni,xi), • • • , (ns,Xs) G L. The term appearing in the definition of 
(p{n) when n = uq reads 

c(ni, xo) H-h c(no, Xs) - (c(no, ccq) H- c{ns,Xs)) > 0 

since T is c-cyclically monotone. After all ifiino) = 0. 

As a particular case, consider n € i?(a;o, 7r/2). By definition of the cost function and using (|M)) . 
we get (p(n) < +oo for such a n. For general n, we will show that there exists a finite chain of 
points from ng to n such that, roughly speaking, the previous condition is satisfied. More precisely, 
we will prove that there exists fc G N \ {0} and (uj, Xi)i<i<k G F^ such that 

c(ni,xo) < +00 

Vi G {1, • • • , fc — 1} c(ni+i,Xi) < +CX) 
c(n, Xk) < +CXD. 


To this aim, let us define by induction the following nondecreasing sequence of measurable sets (as 
analytic sets): 

^0 = {a::o} 

A^+l =pa:{p~H{Ai)^/2)rir) 

where and Px stand for the projections on the n and x coordinates respectively. Our goal is to 
show that for sufficiently large k, which, by definition of c, implies the existence of 

a chain described above of length k. Indeed, rii+i G means there exists Xi G Ai at distance 

less than 7 r /2 from Ui+i. Moreover, by definition of A^, there exists Ui such that (ni,Xi) G F and 
ni G (Ai_i)^/ 2 - The existence of the finite chain follows by an inductive argument. 

Choose any optimal transport plan Ho in Fq (cr,/r). We estimate the masses as follows 


ii(A^+l) . = no(p^^(Ai+i)) 

Ho IS a plan 


> 


n-o(Pn^((Ai)jr/2) O F) 

def. of Ai+i 

= Ao(p-\(A,)^/2)) 


no(r)=i 


Uo is a plan 0 


0 -((A,)v 2 )- 


Note that \ (Ai) 7 r /2 = A* is a convex set. Since D Aq 7 ^ 0, A* ^ S™ but A* is empty when 
(Ai )^/2 = Therefore, either (Ai )^/2 = or (^11) (which is equivalent to ct(S"*\w*) > pi(uj) + e) 
gives us 


M(Ai+i) > cr((Ai)^/ 2 ) = cr(§™ \ A-) = cr(§™ \ (conv(Ai))*) > p{conv{Ai)) + e > p{Ai) + e. 

]22[ 

(Note that Conv{Ai) = would imply A* = 0 (Ai )^/2 = S’^.) Consequently, since /r is a 

probability measure, there exists an integer k such that {Ak)T ^/2 = This proves the first claim. 

Using the same approach, we will show that p > —00 on Pra(r) hence tr—almost everywhere. 
Once again, consider as a particular case a point n G Prt(r) for which there exists x such that 
(n,x) G F and c(no,x) < + 00 . Take n' G S'" and (ui, Xi)i<i<s G F®. Using (ui, Xi)i<i<s+i where 
(ns+ijiCs+i) = (n,x), we get by definition of p 

S 

^ - c{ni,Xi)) + c{n\x) - c{n,x). 

Since {ni,Xi)i<i<s G F® is arbitrary, we infer for all n' G S’", 

(35) p{n') < p{n) + c{n',x) — c{n,x). 

In particular, the formula above with n' = ng together with p{no) = 0 gives p(n) > — 00 . 

By an inductive argument, we generalize (l35]l to 

(36) p{n’) < p{n) + {c(ni,x)-c{n,x))-\ -|-(c(nfc,Xfc_i)-c(nfc_i,Xfe_i)) + (c(n',Xfe)-c(nfc,Xfc)) 

where (rii, Xi) G F for alH G {1, • • • , fc}. As a consequence, (1361) with n' = ng allows us to conclude 
provided we can find {ni,Xi)i<i<k G F^ such that 
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c(ni,cc) < +00 

Vi G {1, • • • , fc — 1} c(ni+i, a-i) <+00 
c(no,Xk) < + 00 . 

In other terms, we are done if there exists a finite chain from n to no- But the previous arguments 
apply verbatim with Aq = {a;} and {n,x) G F. Consequently, ip > —oo on p„(r). In particular, 
since a{p„{T)) = no(r) = 1, 

cr({(^ = —Cxd}) = 0. 

Now, we prove that F C dcP- To this aim, fix (n, x) G F. Using (I35p we get, since n' is arbitrary, 

c(ji,x) — (p{n) < inf c{n',x) — Lp{n'). 

The reverse inequality being straightforward, this implies equality: 

(37) c{n,x) = ip{n) + ip‘'{x), 
i.e. (n, x) G dcP- 

To conclude the proof, we build out of p, a c-concave function. By what precedes, p satisfies the 
assumptions of Proposition |23] (recall that by definition, p is an infimum of continuous functions). 
We get by applying this proposition to p and then to p^^ that p‘^ and p'^‘^ are (real-valued) Lipschitz 
functions and 

(38) > p. 

By definition of the c-transform, we infer from (|38ll the inequality < p'^. On the other hand, 
applying Proposition 14.41 to p^ leads to > p^^. Consequently, p'^'^'^ = p‘^ and (p := p‘^‘^ is a 
Lipschitz c-concave map. To complete the proof, it remains to check that F C dcp- Take (n, x) G F 
and recall (157)) : p{n) + p^{x) = c{n,x). This yields 

p{n) = c{n,x) — p^^ix) > p‘^^{n) 

which combined with (155)) gives 

(j) = p^^ = p on p„(F). 

Since = p‘^ as proved above, 053 is actually equivalent to (j){n) + (f>‘^{n) = c(n,x) and 

the proof is complete. □ 


4.3. Proof of Theorem II.5t the uniqueness part. In Section ITiTl we proved the existence of 
a solution of Kantorovitch’s variational problem (0, 0'’’) where (p is a Lipschitz c-concave map. It 
remains to prove the uniqueness of this pair. We start with the following observation, called the 
double coniplexification trick. Let {p, ip) G A. By definition of A, we have 

J{P,1P)<J{P,P-)<J{P‘=‘=,P^) 

where J{p,ip) = p{n)da{n) + ip{x)dp{x) (the c-transform of a Lipschitz function is a 

Lipschitz function as well, thanks to Proposition 14.4)) . So, any maximising pair {p,ip) has to 
satisfy 

pj = p-a.e. 

p = cr-a.e. 

By continuity, this implies p = p‘^‘^, and p and p'^ are Lipschitz c-concave maps. (Similarly, 
J{PiP) < J{'P‘^t'P) yields ip'^ = p.) Therefore, the set dcp = {(n,x) G S'" x Ei^;p{n) + p^{x) = 
c(n, x)} is contained in the open set {c < -|-oo} and is a compact subset of S'" x S'". 

Now, for any optimal plan FI G Fo(cr, /i), we have 

/ p{n)da{n) + / p‘^{x)dp{x) = / p(ji)da{n) + / p{x)dp{x) = / c(n, x) dn(n, x) 

JS™ JS”* ./S’” ./S’” ./S’” XS’” 


Subtracting the left-hand term to the right-hand term yields c(n, x) — p{n) — p‘^{x) = 0 11 — a.e.. 
By compactness of dcp, this yields 


supp(n) C dcp. 
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The above property holds true for every optimal plan. Therefore, using the compactness of dc4> 
again, we obtain 

(39) jj ,Supp(no)f|{c < +CX)} C dc4> C {c < + 00 } 

no€ro(i7,/i) 

namely the condition that appears in Theorem 14.71 It remains to prove that this condition deter¬ 
mines (/> up to adding a constant. 

We set N = {n € is not differentiable at n}. Since 4> is Lipschitz, a{N) = 0. Let n 

be in S™ \ N and x G dc4>{n) C B{n,TT/2). By definition of this implies that the map 
z I —> c{z,x) — 4>iz) admits a minimum at n, therefore its gradient equals 0. This gives (with a 
slight abuse of notation) 

d {d{n,x))Vdx{n) = 'Vcj){n) 

(where dx{n) := d{n,x) and c'(0) = 0) which entails 

TT 

arctan((|V())(n)|) = d{n,x) < 

Using X = exp„(—d(n, x)V(ia;(n)), we get that x is unique and given by the expression 

We have proved that 

r n (S™ \ iV X S'") C {(n. Tin)] n G S'" \ N}. 

Therefore, if two Lipschitz c-concave maps di and (j )2 satisfy (IMl) then for u-almost every n, 
V(/)i(n) = V()) 2 (n). To conclude, we use that a Lipschitz function whose derivative is null cr-a.e. is 
a constant function. 

Remark 4.9. We actually proved that under the assumptions of the theorem above, there exists a 
unique optimal transport plan and this plan is induced by the map T. Once the regularity of (j) is 
proved, the strategy employed in the proof above is now classical. On Riemannian manifolds, it is 
due to Me Gann [12]. Another proof in this particular case is given in |18j . 

The proof of Theorem 11.71 goes as follows. According to Remark 14.21 we get that for all uj G 
C \ {S'"} 

^^iS”^\uJ)>ifa)iuJ*). 

Note that the arguments required to prove Proposition 18.71 remain true if a is replaced by (fa). 
As a consequence, the reinforced assumption m holds with fa in place of a. With this property 
at our disposal, it suffices to repeat the arguments in Sections 4.2 and 4.8 with fa instead of a to 
get a proof of Theorem 11.71 


Appendix 

In this appendix, we prove the following result 

Lemma 4.10. Let fi be a finite Borel measure on the unit sphere S'" endowed with its canonical 
distance d. Suppose that fi is absolutely continuous with respect to the standard uniform measure 
on S'" and /x(S'") is a positive rational number. Then for any a > 0, there exists a finite parti¬ 
tion {Pi)i<i<K of (depending on a) such that for all i, > 0 is a rational number and 

diam{Pi) < a. 

Remark 4.11. When p, is the uniform probability measure cr, the proof below together with the 
expression of a in polar coordinates guarantee that we can further require Vi, cr(Pi) = 1/M, being 
M a sufficiently large integer. 
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Proof. The proof is by induction on the dimension m. For m = 1, fix a number ai > 0. Then, 
partition into finitely many left-open, right-closed segments (Ij)i<j<Ki whose length l(Ij) sat¬ 
isfies l(Ij) < «! and € Q (we use that s i-s- /r((a, s]) is continuous); fiilRi) € Q is guaranteed 
by € Q. For m = 2, fix a point N € Ef and a 2 > 0. Consider a partition {Ci)i<i<K 2 

where Ci is the closed ball with radius Ri and center N, Ci = {z € S^; Ri-i < d{N, z) < Ri} for 
i € {2, • • • , K 2 — 1} and Cx 2 is the closed ball with radius tt — Rk 2 and center —N. We require 
that the (Ri) satisfy: 

012/2 < Ri < 02 ) 0:2/2 < Ri — Ri-i < a 2 , tt — Rk 2 < 0:2 

and n{Ci) S Q. Let us set p the projection onto the equator relative to N. Note that the measures 
(p(l(/iLC'i))i<i<iC 2 ) are absolutely continuous with respect to the uniform measure on the circle 
thus, applying the case to = 1 to all the measures (p(j(/iLC'i))i<i<iC 2 ), a partition (Pi)i<i<K 

of Ef (namely {Ci PI p“^(/j))ij-, being {Ij)j the partition corresponding to p^{p\—Ci)) such that 
p{Pi) G Q. Moreover, the expression of the spherical distance in polar coordinates implies that 
the diameter of any Pi is smaller than a provided ai and 0:2 are sufficiently small. The higher 
dimensional case easily follows from the arguments used for to = 2. 

□ 


References 

1. A.D. Aleksandrov, Existence and uniqueness of a convex surface with a given integral curvature.^ C. R. (Dokl.) 
Acad. Sci. URSS, n. Ser. 35 (1942), 131-134 (English). 

2. A. D. Alexandrov, Convex polyhedra, Springer Monographs in Mathematics, Springer-Verlag, Berlin, 2005, 
Translated from the 1950 Russian edition by N. S. Dairbekov, S. S. Kutateladze and A. B. Sossinsky, With 
comments and bibliography by V. A. Zalgaher and appendices by L. A. Shor and Yu. A. Volkov. MR MR2127379 
(2005j:52002) 

3. Ilya J. Bakelman, Convex analysis and nonlinear geometric elliptic equations, Springer-Verlag, Berlin, 1994, 
With an obituary for the author by William Rundell, Edited by Steven D. Taliaferro. MR MR1305147 
(95k:35063) 

4. T. Barbot, F. Beguin, and A. Zeghib, Prescribing gauss curvature of surfaces in 3-dimensional space- 
times, application to the minkowski problem in the minkowski space, To appear in Ann. Inst. Fourier, 
http://arxiv.org/abs/0804.1053vl,. 

5. Jerome Bertrand, Prescription of Gauss curvature on compact hyperbolic orbifolds, Discrete Contin. Dyn. Syst. 
34 (2014), no. 4, 1269-1284. MR 3117840 

6. Wilfrid Gangbo and Robert J. McCann, The geometry of optimal transportation, Acta Math. 177 (1996), no. 2, 
113-161. MR MR1440931 (98e:49102) 

7. Pengfei Guan, Changshou Lin, and Xi-Nan Ma, The existence of convex body with prescribed curvature measures, 
Int. Math. Res. Not. IMRN (2009), no. 11, 1947-1975. MR MR2507106 (2010e:53129) 

8. I. Iskhakov, On hyperbolic surfaces tesselations and equivariant spacelike convex polyhedra, PhD thesis, Ohio 
State University, 2000. 

9. L. Kantorovitch, On the translocation of masses, C. R. (Doklady) Acad. Sci. URSS (N.S.) 37 (1942), 199-201. 
MR MR0009619 (5,174d) 

10. Frangois Labourie and Jean-Marc Schlenker, Surfaces convexes fuchsiennes dans les espaces lorentziens a cour- 
bure constante. Math. Ann. 316 (2000), no. 3, 465-483. MR MR1752780 (2001g:53127) 

11. Robert J. McCann, Existence and uniqueness of monotone measure-preserving maps, Duke Math. J. 80 (1995), 
no. 2, 309-323. MR MR1369395 (97d:49045) 

12. _, Polar factorization of maps on Riemannian manifolds, Geom. Fund. Anal. 11 (2001), no. 3, 589-608. 

MR MR1844080 (2002g:58017) 

13. Vladimir Oliker, Embedding into with given integral Gauss curvature and optimal mass transport on 

S^, Adv. Math. 213 (2007), no. 2, 600-620. MR MR2332603 (20081:49049) 

14. Vladimir I. Oliker, The Gauss curvature and Minkowski problems in space forms. Recent developments in 
geometry (Los Angeles, CA, 1987), Contemp. Math., vol. 101, Amer. Math. Soc., Providence, RI, 1989, pp. 107- 
123. MR MR1034975 (91e:53058) 

15. Barrett O’Neill, Semi-Riemannian geometry. Pure and Applied Mathematics, vol. 103, Academic Press Inc. 
[Harcourt Brace Jovanovich Publishers], New York, 1983, With applications to relativity. MR MR719023 
(851:53002) 

16. A. V. Pogorelov, Extrinsic geometry of convex surfaces, American Mathematical Society, Providence, R.I., 
1973, Translated from the Russian by Israel Program for Scientific Translations, Translations of Mathematical 
Monographs, Vol. 35. MR MR0346714 (49 #11439) 



PRESCRIPTION OF GAUSS CURVATURE USING OPTIMAL MASS TRANSPORT 


17 


17. John G. Ratcliffe, Foundations of hyperbolic manifolds, second ed., Graduate Texts in Mathematics, vol. 149, 
Springer, New York, 2006. MR MR2249478 (2007d:57029) 

18. R. Tyrrell Rockafellar, Convex analysis, Princeton Mathematical Series, No. 28, Princeton University Press, 
Princeton, N.J., 1970. MR MR0274683 (43 #445) 

19. R. Tyrrell Rockafellar and Roger J.-B. Wets, Variational analysis, Grundlehren der Mathematischen Wis- 
senschaften [Fundamental Principles of Mathematical Sciences], vol. 317, Springer-Verlag, Berlin, 1998. 
MR MR1491362 (98m:49001) 

20. Ludger Riischendorf, On c-optimal random variables, Statist. Probab. Lett. 27 (1996), no. 3, 267—270. 
MR 1395577 (97h:62051) 

21. Rolf Schneider, Convex bodies: the Brunn-Minkowski theory. Encyclopedia of Mathematics and its Applications, 
vol. 44, Cambridge University Press, Cambridge, 1993. MR MR1216521 (94d:52007) 

22. C. S. Smith and M. Knott, Note on the optimal transportation of distributions, J. Optim. Theory Appl. 52 
(1987), no. 2, 323-329. MR 879207 (88d:90076) 

23. Andrejs Treibergs, Bounds for hyperspheres of prescribed Gaussian curvature, J. Differential Geom. 31 (1990), 
no. 3, 913-926. MR 1053349 (91h:53057) 

24. Cedric Villani, Topics in optimal transportation. Graduate Studies in Mathematics, vol. 58, American Mathe¬ 
matical Society, Providence, RI, 2003. MR MR1964483 (2004e:90003) 

25. _, Optimal transport, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Math¬ 

ematical Sciences], vol. 338, Springer-Verlag, Berlin, 2009, Old and new. MR MR2459454 

Institut de Mathematiques de Toulouse, UMR CNRS 5219, Universite Toulouse III, 31062 

Toulouse cedex 9, France 

E-mail address: jerome.bertrand@math.univ-toulouse.fr 



